We study theoretically weak localization of excitons in atomically-thin transition metal dichalcogenides. The constructive interference of excitonic de Broglie waves on the trajectories forming closed loops results in a decrease of the exciton diffusion coefficient. We calculate the interference contribution to the diffusion coefficient for the experimentally relevant situation of exciton scattering by acoustic phonons and static disorder. For the acoustic phonon scattering, the quantum interference becomes more and more important with increasing the temperature. Our estimates show that the quantum contribution to the diffusion coefficient is considerable for the state-of-the-art monolayer and bilayer transition metal dichalcogenides.
Introduction. Two-dimensional (2D) semiconductors based on transition metal dichalcogenides (TMDC) form a versatile platform for excitonic physics [1] . Direct band gap [2, 3] and chiral selection rules [4] in these atomically thin semiconductors provide direct access to the temporal and spatial dynamics of Coulomb interaction bound electron-hole pairs. Optical experiments can visualize the exciton transport and demonstrate their propagation in monolayer (ML) [5] [6] [7] [8] [9] [10] [11] [12] and heterobilayer transition metal dichalogenides [13, 14] .
The key quantity in transport phenomena is the diffusion coefficient D which describes the propagation of the particles on the macroscopic, i.e., larger than the mean free path, distances. The diffusion coefficient is determined by the velocity autocorrelation functions and, according to the fluctuation-dissipation theorem, can be related to the conductivity or mobility of the particles. In the quasi-classical approach the particles can be represented as wavepackets which move freely and experience relatively rare scattering events. Thus, D in a 2D system can be written as [15] [16] [17] 
Here the angular brackets denote the averaging over the thermal distribution, v is the particle velocity and τ is the momentum scattering time. The diffusion coefficient is also of prime importance for describing the nonlinear propagation of excitons and the transport driven by the thermal gradients and phonon fluxes both in TMDC MLs [9, 18, 19] and conventional semiconductors [20] [21] [22] [23] .
In TMDC MLs the exciton thermalization is very efficient and in few picoseconds after photoexcitation they form a non-degenerate Boltzmann gas [24] . The quasiclassical description of transport effects holds at [25, 26] 
where k B is the Boltzmann constant, T is the temperature. This condition means that the collisional broadening of the particle energy levels, ∼ /τ , is by far inferior than the characteristic energy of the particle, ∼ k B T . The condition (2) can be also recast in the form of IoffeRegel criterion l/λ 1, where λ is the exciton de Broglie wavelength and l is its mean free path.
Recent experiments and theoretical analysis demonstrate that the criterion (2) can be easily violated for excitons in TMDC MLs [27] [28] [29] . In these materials the interaction of excitons with phonons in enhanced as compared to conventional quasi-2D systems such as semiconductor quantum wells due to the high density of states of 2D phonons [29] . The exciton momentum relaxation time by acoustic phonons with linear dispersion at not too low temperatures (k B T M s 2 ) can be presented as
where M is the exciton translational mass, s is the speed of sound, and τ 0 is a constant related to the strength of the exciton-phonon interaction. The diffusion coefficient (1) in a quasi-classical limit acquires the form
and is temperature independent. The product k B T τ / = M s 2 τ 0 / is also temperature independent and on the order of unity in TMDC MLs meaning that the criterion (2) does not, strictly speaking, hold. It is also experimentally confirmed by the thermal broadening of exciton resonance [27, 29, 30] . Furthermore, at the room temperature the exciton interaction with the optical and zone-edge phonons becomes significant which reduces τ and violates the condition (2) even stronger. All this questions the validity of the quasiclassical description of the exciton transport in 2D semiconductors.
The analysis of the general case where the product k B T τ / can be on the order of unity is extremely involved [31, 32] . Thus, it is important to study the role of the main quantum effects on the exciton transport. Here we calculate the leading order correction to the quasiclassical value of the diffusion coefficient (4). It results from the interference of exciton probability waves on the closed classical trajectories where the phase difference for the clock-and counterclock-wise propagation are almost the same. This effect gives rise to the coherent backscattering of excitons [33, 34] , and provides the key contribution to the quantum correction to the diffusion coefficient [15, 16, 26, 31, 35, 36] . The weak localization is usually studied in electronic systems at reduced temperatures by the conductivity measurements [31, 36, 37] with very few exceptions including non-degenerate electron gases [38, 39] and quite recently optically via the spin-Kerr effect [40] .
Here we show that the weak localization can be observed for non-degenerate (Boltzmann) excitons in TMDC mono-and bilayers in diffusion experiments similar to [8] [9] [10] 12] . The calculations are presented for the case of excitons interacting with acoustic phonons. We show that the quantum effects are more pronounced with increasing the temperature due to an interplay of the phonon-induced momentum relaxation and dephasing. We also discuss the effects of other scattering processes in the system. We show that in the most of to date experiments on exciton propagation in TMDC-based systems the quantum effects are of high importance.
Qualitative analysis. For the exciton-acoustic phonon interaction at
the transferred energy at a single scattering event ∆ε ∼ √ k B T M s 2 k B T and the exciton-phonon scattering is quasi-elastic [41] . For the same reason, the effective potential field created by the phonons and experienced by the excitons is almost static. Thus the excitons can be considered as good quasi-particles and one can use a perturbation theory in /(k B T τ ) to calculate the corrections to the classical value (4) of the diffusion coefficient.
Here we focus on the leading order in /(k B T τ ) quantum correction to the exciton diffusion coefficient which comes from the weak localization effect. It is illustrated in Fig. 1(a) where the closed classical trajectory, loop, is shown. The acquired phases at the clock-and counterclock-wise propagation of excitons in the absence of inelastic scattering processes are exactly the same: φ = φ . Formally, these two trajectories are related by the time-reversal which ensures the phase conservation. Since the phase difference φ − φ = 0, the interference is constructive and the exciton effectively spends more time at the loop. Consequently, it propagates by smaller distance over the same time. Hence, the diffusion coefficient is reduced as compared to its classical value. This is the weak localization phenonemon being a precursor of the strong (Anderson) localization.
The magnitude of the quantum correction to the diffusion coefficient is related to the probability of an exciton to the return to its starting point in the time interval (t, t + dt), which for a diffusive motion can be estimated in 2D as λv T dt/(Dt), where v T = 2k B T /M is the thermal velocity; Dt gives the area covered by exciton during its diffusion and λv T dt is the area in the vicinity of the initial spot where the interference occurs. Thus, the correction to the diffusion coefficient is negative and reads
In estimation (6) we have excluded very short time scales t τ , where the motion is ballistic, and also very long time scales t τ φ with τ φ τ being the phase relaxation time related to the inelastic processes and phonon propagation which make the scattering potential non-static. Eventually, the phase of the exciton wavefunction becomes broken and the interference stops.
We now estimate the phase relaxation time τ φ for the quasi-elastic exciton-phonon scattering. To that end we consider the mean square of the exciton energy variation as a function of time, δε 2 (t). Since the energy is transferred in small portions ∆ε k B T we use the energy diffusion approximation and obtain δε 2 (t) = (∆ε) 2 t/τ . The energy relaxation time τ ε can be estimated from the condition that δε 2 (τ ) ∼ (k B T ) 2 , which yields τ ε ∼ τ 0 τ in Eq. (3). By contrast, the phase is lost if the energy uncertainty over time τ φ is on the order of the /τ φ yield- [26, 42] . The same estimate for τ φ can be alternatively obtained considering the phase difference φ −φ due to the propagation of phonons [43] . Notably, τ τ φ τ . Equation (6) illustrates the intricate effect of the weak localization on the exciton transport. On one hand, the quantum correction contains a small parameter of the theory, /(k B T τ ). On the other hand, the parametrically long phase relaxation provides large temperature dependent logarithm ln (τ φ /τ ) 1. Interestingly, with rising the temperature the prefactor in Eq. (6) remains the same as τ ∝ 1/T , while the logarithm increases due to the decrease of τ φ with increasing the temperature. Thus, unexpectedly, for exciton-acoustic phonon scattering, the quantum interference becomes progressively more important with increasing the temperature. Below we confirm this qualitative analysis by the diagrammatic calculation.
Diagrammatic calculation. The diagrams contributing to the velocity autocorrelation function and, accordingly, to the diffusion coefficient are shown in Fig. 1, panel (b) for the classical contribution and (c) for the quantum correction. In calculation of the retarded and advanced Green's functions of the excitons G R/A p (ε) we can completely neglect inelasticity of the exciton-phonon interaction and use the Born approximation with the result
Hereτ
with τ r being the exciton lifetime and τ being the momentum relaxation time, Eq. (3). For TMDC ML τ
, where Ξ c and Ξ v are the conduction and valence band deformation potentials. Here we take into account interaction of the exciton with the longitudinal acoustic mode. For bilayer TMDC the (Ξ c − Ξ v ) 2 is replaced by the appropriate combination of deformation potentials of relevant phonon modes. The evaluation of the loop in Fig. 1(b) results in Eq. (4) for the exciton diffusion coefficient.
The quantum interference contribution to D reads
where D(ε) = (ε/M )τ is the energy-dependent classical diffusion coefficient and C(ε) represents the sum of the maximally crossed diagrams [inner part of Fig. 1(c) ]. We present C(ε) = 2 q ∞ 0 dtC q (ε; t, −t) with C q (ε; t, t ) being the Cooperon and following Refs. [26, 43, 44] derive the equation for the Cooperon in the form
The first three terms are standard and describe diffusive propagation of excitons in the disordered system and the last one accounts for the phase breaking due to inelasticity of the exciton-phonon interaction. The function Φ(t) = 1 − cos (ω p−p t/2) , where the averaging . . . is carried out over the angle between the exciton momenta p and p before and after the scattering with the absolute values p = p = √ 2M ε, ω = s|p − p | is the transferred energy. In order to study the dephasing it is sufficient to decompose Φ(t) up to the t 2 term. As a result,
where the energy-dependent phase relaxation time
The peculiar form of the dephasing ∝ (t/τ φ ) 3 results from the quasi-elasticity of the collisions with phonons [26, 42] . Finally we arrive at
In Eq. (11) we kept only logarithmically large contributions to δD and assumed τ r τ φ . Equations (4) and (11) [Eq. (6)], describe the classical and quantum contributions to the exciton diffusion coefficient, respectively, for the dominant quasi-elastic acoustic phonon scattering. In this mechanism τ φ /τ ∝ T 1/3 .
Results and discussion. Figure 2(a) shows the results of the calculation of the relaxation times for the excitons interacting with acoustic phonons: the energy relaxation time τ = τ 0 /2, the phase relaxation time τ φ , Eq. (11), and the momentum relaxation time τ , Eq. (3) for the typical parameters of 2D TMDC (see caption for details) [1, 29, 45, 46] , which roughly correspond to 60 µeV/K temperature dependent linewidth broadening. In the relevant temperature range the exciton lifetime for non-resonant excitation exceeds 10 . . . 100 ps's and can be ignored [47, 48] . In agreement with qualitative analysis the longest timescale at T 0.5 . . . 3 K is given by the energy relaxation time, and τ τ φ τ in a wide range of temperatures. Note that τ is just slightly longer than the 'thermal' time /(k B T ). The calculated diffusion coefficient (red curve) and classical value (blue dashed line) are shown in Fig. 2(b) , main panel. While the classical value of D is temperature independent for the acoustic phonon scattering, the quantum correction is negative (see inset) and demonstrates sizeable variation with the temperature. Thus, the quantum correction which solely controls the temperature dependence of the diffusion coefficient in a wide temperature range.
The temperature dependence of the scattering rates and diffusion coefficients changes if other scattering processes are taken into account. For illustration we consider in Fig. 3 the situation where, in addition to the acoustic phonon scattering, the excitons interact with the shortrange potential disorder characterized by the scattering time τ dis . Here the classical diffusion coefficient already shows the temperature dependence with D ∝ T at low temperatures where τ dis τ and saturates with the increasing the temperature [49] . The quantum contribution δD is now a non-monotonic function of temperature, see inset in Fig. 3(b) . Overall, the quantum correction to the diffusion coefficient is particularly pronounced due to a smaller value of the classical diffusion coefficient.
Deviations from the behavior shown in Figs. 2 and 3 are expected for the temperatures T 100 K (shaded area) where the optical phonons and zone-edge acoustic phonons come into play. Such phonons are largely dispersionless and the scattering of excitons by these phonons is strongly inelastic. Thus three times τ , τ φ and τ are of the same order of magnitude [41] . Also the intervalley scattering by short-wavelength phonons suppresses the interference. The correction (11) is thus suppressed. However, the condition (2) of the quasi-classical transport is violated in this case as well. The polaron effects resulting from the strong coupling of excitons with the phonons [50] [51] [52] should be taken into account while analyzing the exciton transport at elevated temperatures.
We also briefly address the role of exciton-exciton interactions in the diffusion. While the scattering between identical particles does not affect the diffusion [53] exciton-exciton scattering breaks the phase of the diffusing particle and contributes additively to τ −1 φ . Unlike the dephasing caused by the electron-electron interaction [31, 54, 55 ] the exciton-exciton scattering in MLs is mainly controlled by the exchange interaction [56] and is strongly inelastic. The dephasing rate can be estimated for non-degenerate excitons as τ
where n is the exciton density, a B and E B are the exciton Bohr radius and binding energy, respectively. For n = 10 10 cm −2 , E B = 200 meV and a B = 15Å, the τ φ,xx ∼ 10 ps and exceeds phonon-induced dephasing rate. This effect, however, can be controlled by the variation of photogenerated exciton density.
Importantly, it follows from Eqs. (1), (2), and (4) that the classical value of the diffusion coefficient cannot potentially be lower than D = /M ∼ cm 2 /s regardless the scattering mechanism. This limit is shown in Figs. 2(b) and 3(b) by dotted lines. Hence, the values of the room temperature exciton diffusion coefficient reported in Ref. [9] for non-encapsulated samples D ≈ 0.3 cm 2 /s, see also [5, 7, 10] , definitely correspond to the quantum regime of the exciton transport. Encapsulation in a hexagonal BN results in an enhancement of the room temperature exciton diffusion coefficient up to 1 . . . 10 of cm 2 /s [8, 57] meaning that quantum effects are still important, Fig. 2(b) . Systematic studies of temperature dependence of the exciton diffusion coefficient are anticipated to fully clarify the role of the quantum interference in the exciton transport in TMDC mono-and bilayers.
Conclusion. We have demonstrated theoretically the importance of quantum interference in exciton transport.
The weak localization effect decreases the exciton diffusion coefficient as compared to the value found from the Boltzmann equation. For the relevant case of the exciton interaction with acoustic phonons the temperature dependence of the diffusion coefficient is solely provided by the quantum interference. The calculations show that the effect is easily accessible for monolayer and bilayer transition metal dichalcogenides making them prospective for experimental studies of quantum transport physics in excitonic systems.
